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THUE INEQUALITIES WITH FEW COEFFICIENTS
PALOMA BENGOECHEA
Abstract. Let F (x, y) be a binary form with integer coefficients, de-
gree n ≥ 3, and irreducible over the rationals. Suppose that only s+1 of
the n+1 coefficients of F are nonzero. We show that the Thue inequality
|F (x, y)| ≤ m has ≪ sm2/n solutions provided that the absolute value
of the discriminant D(F ) of F is large enough. We also give a new upper
bound for the number of solutions of |F (x, y)| ≤ m, with no restriction
on the discriminant of F that depends mainly on s and m, and slightly
on n. Our bound becomes independent ofm whenm < |D(F )|2/(5(n−1)),
and also independent of n if |D(F )| is large enough.
1. Introduction
Let F (x, y) be a binary form with integer coefficients and degree n ≥ 3,
irreducible over the rationals. Let m be a positive integer. Thue studied in
[20] the inequalities
(1) 1 ≤ |F (x, y)| ≤ m,
known as Thue inequalities, showing that they have finitely many solutions
in integers x and y. Mahler [9] showed that Thue inequalities have at most
c(F )m2/n solutions, where c(F ) depends only on F . In this bound the depen-
dence on m is best possible if m is large. For Thue equations |F (x, y)| = m,
the dependence on F of c(F ) has been progressively replaced by a depen-
dence on the degree n, first by Siegel in some special cases, and in general
by Evertse [5] in his thesis. Later Bombieri and Schmidt [3] obtained the
bound ≪ n1+ν for the number of primitive solutions (solutions (x, y) with
x and y coprime), where ν is the number of prime factors of m.
In his fundamental work on diophantine equations f(x, y) = 0, Siegel [17]
conjectured that, when the curve defined by the equation is irreducible and
of positive genus, the number of solutions sould be bounded only in terms of
the number of nonzero coefficients. In this form, the conjecture is not true;
there is no bound independent of m for cubic Thue equations, as the work
of Chowla [4], Mahler [10] and Silverman [18] show. However, there have
been several subsequent works with the goal of replacing the dependence on
the degree by the number of nonzero coefficients. Schmidt was the first in
studying this modified version of Siegel’s conjecture for Thue equations in
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general, and it turned out to be equally difficult to study Thue inequalities
(see his introduction in [15]).
Suppose that F (x, y) has not more than s+1 nonzero coefficients, so that
(2) F (x, y) =
s∑
i=0
aix
niyn−ni
with 0 = n0 < n1 < . . . ns−1 < ns = n. Then Schmidt [15] proved that the
inequality (1) has
(3) ≪ (ns)1/2m2/n(1 + logm1/n)
solutions. Here and throughout the paper, the constants implicit in ≪ will
be absolute and effectively computable. Thunder [20] could remove the
logarithmic factor for many values of m. Later, Mueller and Schmidt [14]
obtained the second bound
(4) ≪ s2m2/n(1 + logm1/n),
hence the number of solutions of (1) is bounded in terms of s and m only.
This was proved previously for s = 1 (i.e. for binomial forms) in [?] and for
s = 2 (i.e. for trinomials) in [13]. Mueller and Schmidt could remove the
logarithmic factor in their general bound (4) if n ≥ max(4s, s log3 s). When
n≫ s, F is usually called sparse form or fewnomial. They also conjectured
that the logarithmic factor should be removed for all forms of degree n ≥ 3
and, more importantly, that the term s2 should be s.
Here we establish two new upper bounds for the number of solutions of
(1). The bound given in Theorem 1.1 proves Mueller-Schmidt’s conjecture
for almost all binary forms with given degree.
Theorem 1.1. Let F (x, y) ∈ Z[x, y] be an irreducible binary form with s+1
nonzero coefficients and degree n ≥ 3. Assume that the absolute value of the
discriminant of F is greater than (n(n−1))8n(n−1). For each positive integer
m, the inequality |F (x, y)| ≤ m has
≪ sm2/n
solutions.
Since there are only finitely many SL(2,Z)-equivalence classes of irre-
ducible binary forms of fixed degree and bounded discriminant (see [2]), our
result, while stated for a quite strong condition on the discriminant, holds
for almost all classes of forms of given degree. (Note that equivalent forms
give the same number of solutions to the inequality (1).)
Under a similar condition on the discriminant, an upper bound for the
number of solutions to (1) for small values of m and almost all forms is
given in [1], following previous works by [6] and [7]. That bound is linear in
s when the forms are ‘very’ sparse, namely when n ≥ s2.
In Theorem 1.2 we give a new bound that holds for all sparse forms
and all integers m. It becomes independent of m for small values of m as
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Corollary 1.3 shows, and also independent of n when the absolute value of
the discriminant is large enough.
Theorem 1.2. Let F (x, y) ∈ Z[x, y] be an irreducible binary form with
s + 1 nonzero coefficients and degree n ≥ 3s. Let D(F ) and H(F ) be the
discriminant and the height of F respectively. For each positive integer m
the inequality
(5) |F (x, y)| ≤ m
has
≪ (c(s)(1 + logm 1n ) + log3 n)m 2n |D(F )|− 1n(n−1)
solutions, with
(6) c(s) =


s if n ≥ s4
s log s if 9s2 ≤ n < s4
s log s(1 + slogH(F )) if n < 9s
2.
Corollary 1.3. Let F (x, y) ∈ Z[x, y] be an irreducible binary form with s+1
nonzero coefficients and degree n ≥ 3s. Let D(F ) be the discriminant of F
and m be a positive integer such that
(7) m ≤ |D(F )|
1
(2+ 12 )(n−1) .
Then |F (x, y)| ≤ m has
≪ c(s) + log3 n
solutions, with c(s) defined by (6).
Moreover, if |D(F )| ≥ (log n)15n(n−1), then |F (x, y)| ≤ m has
≪ c(s)
solutions.
The corollary immediately follows from Theorem 1.2 on noticing that
log |D(F )| 1(2+1/2)n(n−1) ≤ |D(F )| 12(2+1/2)n(n−1) , so whenm satisfies (7), we have
that
logm1/nm2/n ≤ |D(F )|
1/4
(1+ 14 )n(n−1) |D(F )|
1
(1+ 14 )n(n−1)
≤ |D(F )| 1n(n−1) ,
and when |D(F )| ≥ (log n)15n(n−1),
m2/n log3 n ≤ |D(F )| 1n(n−1) .
Note that we will regard (x, y) and (−x,−y) as one solution, and can
assume y ≥ 0 or x ≥ 0 if convenient.
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2. Preliminaries
2.1. Discriminant, Height, and Mahler Measure. For a binary form
G(x, y) that factors over C as
n∏
i=1
(αix− βiy),
the discriminant D(G) of G is given by
D(G) =
∏
i<j
(αiβj − αjβi)2.
Therefore, if we write
G(x, y) = an(x− γ1y) . . . (x− γny),
we have
D(G) = a2(n−1)n
∏
i<j
(γi − γj)2.
The Mahler measure M(G) is defined by
M(G) = |an|
n∏
i=1
max(1, |γi|).
Mahler [12] showed
(8) M(G) ≥
( |D(G)|
nn
) 1
2n−2
.
If we write G(x, y) = anx
n+an−1xn−1y+. . .+a1xyn−1+a0yn, the (naive)
height of G, denoted by H(G), is defined by
(9) H(G) = max (|an|, |an−1|, . . . , |a0|) .
We have
(10)
(
n
⌊n/2⌋
)−1
H(G) ≤M(G) ≤ (n+ 1)1/2H(G).
A proof of this fact can be found in [11].
2.2. GL2(Z) Actions and Equivalent Forms. Let A =
(
a b
c d
)
and
define the binary form FA by
FA(x, y) = F (ax+ by, cx+ dy).
Note that
(11) D(FA) = (detA)
n(n−1)D(F ),
and D(FA) = D(F ) if A ∈ GL(2,Z).
We say that two binary forms F and G are equivalent if G = ±FA for
some A ∈ GL2(Z). The number of solutions (and the number of primitive
solutions) to Thue inequalities does not change if we replace the binary
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form with an equivalent form. However, GL2(Z)-actions do not preserve the
number of nonzero coefficients of F . Schmidt formulates in [15] a condition
that is invariant under GL2(Z) actions. He defines a class C(t) of forms of
fixed degree as follows.
Definition of C(t). We define the set C(t) as the set of forms F (x, y) of
degree n with integer coefficients, and irreducible over Q, such that for any
reals (u, v) 6= (0, 0), the form
(12) uFx + vFy
has at most t real zeros.
Note that for n > 0, the irreducibility of F implies that the form (12)
of degree n − 1 is not identically zero. Note also that for F ∈ C(t), the
derivative Fx(z, 1) has ≤ t real zeros and F (z, 1) has ≤ t+1 real zeros. The
following is Lemma 2 of [15].
Lemma 2.1. Suppose F (x, y) is irreducible of degree n, and has s+1 non-
vanishing coefficients. Then F (x, y) ∈ C(4s− 2).
3. General strategies for Theorems 1.1 and 1.2
Definition of Primitive Solutions. A pair (x, y) ∈ Z2 is called a
primitive solution to the inequality (1) if it satisfies the inequality and
gcd(x, y) = 1.
We note that by this definition the possible solutions (z, 0) and (0, z) are
considered primitive if and only if z = ±1.
Definitions of N(F,m), P (F,m) and P˜ (F,m). For an irreducible bi-
nary form F (x, y) ∈ Z[x, y] of degree n ≥ 3, we denote by N(F,m) the
number of solutions of F (x, y) ≤ m and by P (F,m) the number of primitive
solutions. Further, we write P˜ (F,m) for the number of primitive solutions
of
(13) 2−nm ≤ F (x, y) < m.
Note that P˜ (F,m) is not affected if we replace F by an equivalent form. We
will show that for F of the form (2),
(14) P˜ (F,m)≪ sm2/n for |D(F )| > (n(n− 1))8n(n−1)
and
(15) P˜ (F,m)≪ (c(s)(1 + logm 1n ) + log3 n)m 2n |D(F )|− 1n(n−1)
with no restriction on the discriminant D(F ).
Once we obtain these upper bounds for P˜ (F,m), it is easy to deduce the
same upper bounds for N(F,m). We follow the argument in [15, section 3].
Write
P˜ (F,m) = (A1(F ) +A2(F )(1 + logm
1
n ))m
2
n ,
where A1(F ), A2(F ) depend only on F .
6 PALOMA BENGOECHEA
When u is the integer with 2nu ≤ m < 2n(u+1), then
P (F,m) ≤ P (F, 2n(u+1) − 1) =
u+1∑
j=1
P˜ (F, 2nj)
≪ A1(F )
u+1∑
j=1
22j +A2(F )
u+1∑
j=1
22j(1 + log 2j)
≪ A1(F )22u +A2(F )22u(1 + u)
≪ (A1(F ) +A2(F )(1 + logm
1
n ))m
2
n .(16)
Assume (15) and (14). Then (16) implies
(17) P (F,m)≪ (c(s)(1 + logm 1n ) + log3 n)m 2n |D(F )|− 1n(n−1)
and
(18) P (F,m) ≪ sm2/n for |D(F )| > (n(n− 1))8n(n−1).
Let π(F,m) be the number of primitive solutions of F (x, y) = m. Then
π(F,m) = P (F,m)− P (F,m− 1)
(with P (F, 0) = 0). With [·] denoting integer part, we have
N(F,m) =
m∑
k=1
π(F, k)
[(m
k
)1/n]
≤ m1/n
m∑
k=1
π(F, k)k−1/n
= m1/n
m∑
k=1
(P (F, k) − P (F, k − 1))k−1/n
≪ P (F,m)m−1/n
m∑
k=1
(k2/n − (k − 1)2/n)k−1/n
≪ P (F,m)m−1/n
m∑
k=1
k1/n − (k − 1)1/n
≪ P (F,m)
since the sum is telescoping.
Hence the whole difficulty in Theorems 1.1 and 1.2 is to bound P˜ (F,m),
the number of solutions to (13). We will split the count of possible solutions
to (13) into small and large solutions for Theorem 1.1, and small, medium
and large solutions for Theorem 1.2. The definitions of small and large
will differ for the two theorems. However, a common argument is used for
small solutions. We use the classical decomposition of F (x, y) into linear
forms introduced by Bombieri and Schmidt in [3] and used in several works
afterwards to estimate small solutions. We will also use a lemma by Mueller
and Schmidt (recorded here as Lemma 4.6) in a similar way as in [1, section
4]. This lemma is crucial for the treatment of large solutions in Theorem
1.1. Mueller and Schmidt formulated their lemma in terms of forms with s
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nonzero coefficients, but in fact this lemma can be applied to a larger class
of forms, and this is the reason why we exploit it so much in this paper.
We combine it with an argument from [20], which is based on the Lewis-
Mahler inequality (Lemma 7.1) on the approximation by the roots of F to
the rationals xy , where (x, y) are integral solutions to (1), together with a
gap type result due to Schmidt [16].
The bound for medium solutions for Theorem 1.2 is an extension of the
argument in [1, section 5]. The bound for large solutions is given by a re-
sult of Mueller and Schmidt in [14]. In the calculation of the three bounds
(for small, medium and large solutions) for Theorem 1.2, we use some re-
sults that need the assumption that F has s nonzero coefficients, and some
other results that need the assumption that F has minimal Mahler measure.
Combining both assumptions can be a problem a priori, and this may be a
reason for the existence of the two simultaneous papers [15] and [14], where
each of them assumes exactly one of the two hypothesis. The way we are
able to combine both hypothesis here (in section 8) is also new.
The rest of the manuscript is organized as follows. We discuss the argu-
ment for small solutions for both theorems in section 4, and then apply it
to the specific definitions of ‘small’ in sections 6 and 9. In sections 5-7 we
focus on Theorem 1.1. In section 5 we give the definitions of small and large
solutions, we give the results that essentially count them (see Propositions
5.1 and 5.2) and bound P˜ (F,m) for large discriminants assuming them. We
prove Propositions 5.1 and 5.2 in sections 6 and 7 respectively.
In sections 8-10 we focus on Theorem 1.2. In section 8 we give the defi-
nitions of small, medium and large solutions, and again we give the results
that essentially count those solutions (see Propositions 8.3, 8.2 and 8.1), and
bound P˜ (F,m) assuming them. In sections 9 and 10 we prove Propositions
8.3 and 8.2 respectively.
4. Small solutions
Let F (x, y) ∈ Z[x, y] be an irreducible binary form of degree n ≥ 3 that
lies in C(4s − 2). Let M be the smallest Mahler measure among the forms
equivalent to F , and m be a positive integer such that
(19) m ≤ M
100n
.
Under these assumptions, we give an upper bound for the number of
solutions (x, y) of (13) that satisfy 1 ≤ y < Y , for a constant Y . Our bound
will of course depend on Y and will be applied later to two different values
of Y . Similarly we give an upper bound for the number of solutions with
1 ≤ x < Y .
We suppose that there is at least one primitive solution of (13) with
1 ≤ y < Y . We fix such a solution (x∗, y∗) such that y∗ ≤ y for all primitive
solutions (x, y). Note that any primitive solution (x, y) 6= (±1, 0) will have
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y ≥ 1.
Definition of Li(x, y). For the binary form
F (x, y) = an(x− α1y) . . . (x− αny),
we define
Li(x, y) = x− αiy (i = 1, . . . , n).
Here α1, . . . , αn are the roots of the polynomial F (x, 1).
Given x = (x, y) and x′ = (x′, y′), we define
(20) D(x,x′) = xy′ − x′y.
Lemma 4.1. Suppose x = (x, y) is a primitive solution of (13). We have
Li(x
∗, y∗)
Li(x, y)
− Lj(x
∗, y∗)
Lj(x, y)
= (βj − βi)D(x,x∗),
where β1,. . . , βn depend on (x, y) and are such that the form
J(u,w) = F (x, y)(u − β1w) . . . (u− βnw)
is equivalent to F .
Proof. This is Lemma 3 of [3]. 
For a primitive solution (x, y) of (13), we have
(21)
F (x∗, y∗)
F (x, y)
< 2n.
Let i0 ∈ {1, . . . , n} be the index such that
(22)
∣∣∣∣Li0(x∗, y∗)Li0(x, y)
∣∣∣∣ = min1≤i≤n
∣∣∣∣Li(x∗, y∗)Li(x, y)
∣∣∣∣ ,
so that, by (21),
(23)
∣∣∣∣Li0(x∗, y∗)Li0(x, y)
∣∣∣∣ ≤ 2.
By Lemma 4.1 and (23),
(24)
|Li(x∗, y∗)|
|Li(x, y)| ≥ |βi0 − βi||D(x,x
∗)| − 2.
For the complex conjugate β¯i0 of βi0 , we also have
|Li(x∗, y∗)|
|Li(x, y)| ≥ |β¯i0 − βi||D(x,x
∗)| − 2.
Hence
|Li(x∗, y∗)|
|Li(x, y)| ≥ |Re(βi0)− βi||D(x,x
∗)| − 2,
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where Re(βi0) is the real part of βi0 . Now we choose an integer d = d(x, y),
with |Re(βi0)− d| ≤ 1/2, and we obtain
(25)
|Li(x∗, y∗)|
|Li(x, y)| ≥
(
|d− βi| − 1
2
)
|D(x,x∗)| − 2,
for i = 1, . . . , n.
Definition of the sets Xi. Let Xi be the set of primitive solutions (x, y) 6=
(x∗, y∗) of (13) with 1 ≤ y ≤ Y and |Li(x, y)| ≤ 12y , where 1 ≤ i ≤ n.
We note that if αi and αj are complex conjugates then Xi = Xj .
Lemma 4.2. Suppose (x, y) and (x′, y′) are two distinct primitive solutions
in Xi, with 1 ≤ y ≤ y′ . Then
y′
y
≥ 2
11
max(1, |βi(x, y)− d(x, y)|).
Proof. We follow the proof of Lemma 4 of [3] and Lemma 4.3 of [1]. We
have that
1 ≤
∣∣y′x− yx′∣∣ ≤ y|Li(x′, y′)|+ y′ |Li(x, y)|(26)
≤ y
2y′
+ y′ |Li(x, y)|
≤ 1
2
+ y′ |Li(x, y)| .
Therefore,
y′ ≥ 1
2 |Li(x, y)| .
Combining this with (25), we get
y′
y
≥ 1
2
(
|d(x, y)− βi(x, y)| − 1
2
) |D(x,x∗)|
y|Li(x∗, y∗)| −
1
y|Li(x∗, y∗)|
≥ (|d− βi| −
5
2)|D(x,x∗)|
2y|Li(x∗, y∗)| .(27)
Now,
|D(x,x∗)|
y|Li(x∗, y∗)| =
∣∣∣∣xy − x
∗
y∗
∣∣∣∣∣∣∣∣x∗y∗ − αi
∣∣∣∣
≥
∣∣∣∣xy − x
∗
y∗
∣∣∣∣∣∣∣∣x∗y∗ − xy
∣∣∣∣+ 12y2
≥ 1
1 +
1
2y2
∣∣∣∣x∗y∗ − xy
∣∣∣∣
≥ 2
3
,(28)
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where the last inequality is because
∣∣∣∣x∗y∗ − xy
∣∣∣∣ ≥ 1y∗y and so
1
2y2
∣∣∣∣x∗y∗ − xy
∣∣∣∣
≤ y
∗
2y
≤ 1
2
.
Therefore, by (27) and (28), we have
y′
y
≥ max
(
1,
(
|d− βi| − 5
2
)1
3
)
≥ 3
11
max
(
1,
2
3
|d− βi|
)
,
where in the second inequality we used that max(1, ζ2 − a) ≥ 12a+2 max(1, ζ)
with ζ = 23 |d− βi| and a = 56 . 
Lemma 4.3. Suppose (x, y) 6∈ Xi∪{(x∗, y∗)} is a primitive solution of (13)
with y > 0. Then
|d(x, y) − βi(x, y)| ≤ 11
2
.
Proof. By (25), we have
|d− βi| ≤
( |Li(x∗, y∗)|
|Li(x, y)| + 2
) 1
|D(x,x∗)| +
1
2
.
Since
∣∣∣∣xy − x
∗
y∗
∣∣∣∣ ≥ 1yy∗ and we are assuming |Li(x, y)| > 12y , we have
|Li(x∗, y∗)|
|Li(x, y)||D(x,x∗)| ≤
∣∣∣∣αi − xy
∣∣∣∣+
∣∣∣∣xy − x
∗
y∗
∣∣∣∣
y2
∣∣∣∣αi − xy
∣∣∣∣
∣∣∣∣xy − x
∗
y∗
∣∣∣∣
≤ 1
y2
∣∣∣∣xy − x
∗
y∗
∣∣∣∣
+
1
y2
∣∣∣∣αi − xy
∣∣∣∣
≤ 3.
Therefore, using that |D(x,x∗)| ≥ 1, we conclude that
|d− βi| ≤ 11
2
.

Let (x, y) be a fixed primitive solution to (13). Recall that the form
J(u,w) = F (x, y)(u − β1w) . . . (u− βnw)
is equivalent to F (see Lemma 4.1). Hence the form
Jˆ(u,w) = F (x, y)(u − (β1 − d)w) . . . (u− (βn − d)w)
is also equivalent to F . Therefore,
(29)
n∏
i=1
max(1, |βi(x, y)− d(x, y)|) ≥ M(Jˆ)
F (x, y)
≥ M
m
.
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Definition of X. For each set Xi (i = 1, . . . , n) that is not empty, let
(x(i), y(i)) ∈ Xi be the element with the largest value of y. Consider the
set of primitive solutions of (13) that are not (x∗, y∗) and with 1 ≤ y ≤ Y
minus the elements (x(1), y(1)), . . . , (x(n), y(n)). We define X to be that set
together with the elements (x(i), y(i)) ∈ Xi ∩Xj (i, j ∈ {1, . . . , n}) such that
(x(i), y(i)) 6= (x(j), y(j)).
The rest of this section is devoted to bound the cardinal of
X ∪
{
(x(i), y(i))
}
1≤i≤n
.
Lemma 4.4. For any fixed i ∈ {1, . . . , n}, we have∏
(x,y)∈X
2
11
max (1, |βi(x, y)− d(x, y)|) ≤ Y.(30)
Proof. Fix i ∈ {1, . . . , n}. Suppose that the set Xi is not empty. We index
the elements of Xi as
(x
(i)
1 , y
(i)
1 ), . . . , (x
(i)
v , y
(i)
v ),
so that y
(i)
1 ≤ . . . ≤ y(i)v (note that (x(i)v , y(i)v ) = (x(i), y(i))). By Lemma 4.2,
(31)
2
11
max
(
1,
∣∣∣βi(x(i)k , y(i)k )− d(x(i)k , y(i)k )∣∣∣) ≤ y
(i)
k+1
y
(i)
k
for k = 1, . . . , v − 1, so we have
(32)
∏
(x,y)∈X⋂Xi
2
11
max (1, |βi(x, y)− d(x, y)|) ≤ Y.
For any solution (x, y) ∈ X that does not belong to Xi, by Lemma 4.3, we
have
(33)
2
11
max (1, |βi(x, y)− d(x, y)|) ≤ 1.
This, together with (32), completes the proof of the lemma. 
Next we will establish inequalities similar to (30) for the solutions (x(i), y(i))
which do not belong to X. Lemma 4.6 will be crucial in order to find a clever
way of counting those solutions in terms of s. Lemma 4.6 is in fact Lemma
7 of [14], although in [14] the lemma is stated for polynomials with few
nonzero coefficients, whereas we state it for any polynomial that belongs to
C(4s− 2). The proof only involves the fact that the polynomials and their
derivatives have few real zeros; we reproduce it here for convenience of the
reader. Put
(34) R = n800 log
2 n.
We first need the following result.
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Lemma 4.5. Let f(z) be a polynomial of degree n with real coefficients.
Suppose that f(x)f ′(x) 6= 0 for real x ∈ I, where I is an interval X1 <
x < X2, or a half line x < X2, or x > X1. Suppose there are u > 1 roots
γj = xj + iyj (j = 1, . . . , u) with real parts xj ∈ I. Then there is a root γℓ
among these u roots such that for every real ζ,
|ζ − γℓ| < R min
1≤i≤u
|ζ − γi|.
Proof. This is Lemma 6 of [14]. 
Lemma 4.6. There is a set S of roots αi of F (x, 1) with |S| ≤ 12s−3 such
that for any real ζ,
min
αℓ∈S
|ζ − αℓ| ≤ R min
1≤i≤n
|ζ − αi|.
Proof. Let u = 4s − 2 and f(x) = F (x, 1). Since F (x, y) ∈ C(u), f(x) has
≤ u+1 real zeros and its derivative f ′(x) has≤ u real zeros, so that f(x)f ′(x)
has ≤ 2u+1 real zeros. Thus the real numbers x with f(x)f ′(x) 6= 0 fall into
≤ 2u+2 intervals (or half lines) I. Let S consist on the one hand of the real
zeros of f(x), and on the other hand, for each interval I as above for which
there are roots of f(x) with real part in I, pick a γℓ according to Lemma 4.5.
The set S so attained will have |S| ≤ u+1+2u+2 = 3u+3 = 12s− 3. 
Let S = {α1, . . . , αt}, with t ≤ 12s − 3.
Definition of the set X0. Let
X0 =
{
(x(i), y(i)) ∈ Xi\ {X1 ∪ . . . ∪ Xt ∪ X}
}
t<i≤n
.
Let (x(i), y(i)) ∈ X0. By Lemma 4.6 there exists ℓ ∈ {1, . . . , t} such that∣∣∣Li(x(i), y(i))∣∣∣ ≥
∣∣Lℓ(x(i), y(i))∣∣
R
≥ 1
2y(i)R
,
where the last inequality is because (x(i), y(i)) 6∈ Xℓ. Combining this with
(25), we obtain∣∣∣d(x(i), y(i))− βi(x(i), y(i))∣∣∣ ≤ 2|Li(x∗, y∗)|y(i)R+ 2|D(x(i),x∗)| + 12 .
Using (28), we obtain
(35) max
(
1,
∣∣∣d(x(i), y(i))− βi(x(i), y(i))∣∣∣) ≤ 3R + 5
2
.
Note that a solution (x(j), y(j)) belongs to Xi if and only if (x
(j), y(j)) =
(x(i), y(i)) or (x(j), y(j)) ∈ X, and in this case (x(j), y(j)) 6∈ X0. Hence, by
(35) and Lemma 4.3,
(36)
∏
(x,y)∈X0
2
11
max (1, |d(x, y) − βi(x, y)|) ≤ 6R+ 5
11
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for i = 1, . . . , n. Taking the product of (30) and (36) for i = 1, . . . , n we find(
M
(112 )
nm
)|X∪X0|
≤
(
Y
6R+ 5
11
)n
.
Therefore,
(37) |X ∪ X0| < n log Y + n log(6R + 5)
log(M/(6nm))
.
The primitive solutions (x, y) of (13) with 1 ≤ y ≤ Y are in
X ∪X0 ∪ {(x(i), y(i))}1≤i≤t ∪ {(x∗, y∗)},
so there are ≪ |X ∪X0|+ s of them.
The number of primitive solutions of (13) with 1 ≤ x ≤ Y can be esti-
mated in a similar way, by considering the form
F (x, y) = a0(y − γ1x) · . . . · (y − γnx)
and putting Li(x, y) = y − γix. Here γ1, . . . , γn are the roots of the polyno-
mial F (1, y).
5. Bound for P˜ (F,m) for large discriminants
Let F (x, y) ∈ Z[x, y] be an irreducible binary form of degree n ≥ 3 that
lies in C(4s− 2) such that
(38) |D(F )| > (n(n− 1))8n(n−1).
Further, assume that F has the smallest Mahler measure among all its equiv-
alent forms. We will say for abreviation that F has minimal Mahler measure.
Later we need this assumption in order to use simultaneously section 4 and
Lemma 7.1. In Lemma 7.1, the Mahler measure of F is involved, whereas
in section 4 we work with the smallest Mahler measure among all forms
equivalent to F . We need both measures to be the same. Let M = M(F )
be the minimal Mahler measure. We first count the number of solutions to
(13) such that
(39) m ≤ |D(F )|
1
2(n−1)
e200n
.
Note that, if m satisfies (39), then by (8) we also have
(40) m ≤ M
e200n
.
Let
(41) Y0 = (M/m)
5.
Relative to the quantity Y0, we call a solution (x, y) ∈ Z2
small if 0 ≤ y ≤ Y0,
large if y > Y0.
14 PALOMA BENGOECHEA
Proposition 5.1. Let F ∈ C(4s− 2) and m be a positive integer satisfying
(39). Assume (38) and that F has minimal Mahler measure. The inequality
(13) has ≪ n small solutions.
Proposition 5.2. Let F ∈ C(4s− 2) and m be a positive integer satisfying
(39). Assume (38) and that F has minimal Mahler measure. The inequality
(13) has ≪ s log logm1/n large solutions.
Hence the number of solutions of (13) with F having minimal Mahler
measure, with (38), and m satisfying (39) is
(42) ≪ n+ s log logm1/n.
Now we use the argument in [3, section II] to derive an upper bound for
P˜ (F,m) for any positive integer m and with no need that F has minimal
Mahler measure. Pick the smallest prime p that satisfies
(43) p ≥ e400m 2n |D(F )|− 1n(n−1) .
Note that
(44) p < 2e400m
2
n |D(F )|− 1n(n−1) .
Let
A0 =
(
1 0
0 p
)
, Aj =
(
p j
0 1
)
(j = 1, . . . , p).
We have that FAj ∈ C(4s−2) for j = 0, . . . , p. We also have Z2 = ∪pj=0AjZ2,
so that
(45) P˜ (F,m) ≤
p∑
j=0
P˜ (FAj ,m).
Let F ′Aj be a form equivalent to FAj that has minimal Mahler measure.
For j = 0, . . . , p, by (11) and (43),
|D(F ′Aj )| = pn(n−1)|D(F )| ≥ e400n(n−1)m2n−2,
so m ≤ |D(F ′Aj )|
1
2(n−1) /e200n, and |D(F ′Aj )| satisfies (38), so we can apply
Propositions 5.1 and 5.2 to F ′Aj . Hence
P˜ (FAj ,m) = P˜ (F
′
Aj ,m)≪ n+ s log logm1/n.
By (45) and (44), we obtain that
P˜ (F,m)≪ (p+ 1)(n + s log logm 1n )
≪ (n+ s log logm 1n )m 2n |D(F )|− 1n(n−1) .(46)
If |D(F )| 1n(n−1) > log logm 1n , (14) follows from (46) and the assumption
(38).
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If |D(F )| 1n(n−1) ≤ log logm 1n , then by (38) we also have that log logm ≥
(n(n− 1))8, and the result below, which is part of the Corollary of Theorem
2 in [20] (with ε = 1/2) concludes the proof of (14).
Proposition 5.3. Let F (x, y) ∈ Z[x, y] be an irreducible binary form with
s+ 1 nonzero coefficients and degree n ≥ 3. Let m be a positive integer. If
|D(F )|1/n(n−1) ≤ log logm and log logm ≥ (n(n − 1))8, then |F (x, y)| ≤ m
has ≪ m2/n solutions.
6. Proof of Proposition 5.1
We apply (37) to Y = Y0 defined by (41). We have, by (39) and (34),
n log Y0 + n log(6R+ 5)≪ n
(
log
M
6nm
+ log 6n
)
+ n log3 n
≪ n log M
6nm
+ n2
and
log(M/(6nm))≫ n.
Hence |X ∪X0| ≪ n and we conclude Proposition 5.1.
7. Large solutions, proof of Proposition 5.2
Let F (x, y) =
∑n
i=0 aix
iyn−i ∈ Z[x, y] be an irreducible binary form that
lies in C(4s− 2) and satisfies (38). Let m be a positive integer that satisfies
(39).
The following lemma is a version of the Lewis-Mahler inequality [8], re-
fined by Bombieri and Schmidt [3, Lemma 4] and later written by Stewart
[19, Lemma 3] in terms of the discriminant of F instead of the height.
Lemma 7.1. For every pair of integers (x, y) with y 6= 0,
min
1≤i≤n
∣∣∣∣αi − xy
∣∣∣∣ ≤ 2n−1n(n−1)/2M(F )n−2|F (x, y)||D(F )|1/2yn .
Let (x, y) be a solution to (13) with y > Y0, and let∣∣∣∣αj − xy
∣∣∣∣ = min1≤i≤t
∣∣∣∣αi − xy
∣∣∣∣ ,
where t is the cardinal of the set S defined by Lemma 4.6. By Lemmas 7.1
and 4.6, ∣∣∣∣αj − xy
∣∣∣∣ ≤ R2n−1n(n−1)/2M(F )n−2m|D(F )|1/2yn ,
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with R defined in (34). On noticing that e200n(n−1) > R2nn(n−1)/2 and using
(39), we have ∣∣∣∣αj − xy
∣∣∣∣ < (M(F )/m)n−22yn(47)
≤ 1
2yn−(n−2)/5
,(48)
where in the last inequality we used (41) and y > Y0. Let (x1, y1), (x2, y2), . . .
be the primitive solutions to (13) with y > Y0 and ordered so that
Y0 < y1 ≤ y2 ≤ . . . .
For all i > 1, by (48) we have
1
yiyi−1
≤
∣∣∣∣xiyi −
xi−1
yi−1
∣∣∣∣ < 1
y
n−(n−2)/5
i−1
.
Thus
(49) yi > y
n−1−(n−2)/5
i−1 = y
(4n−3)/5
i−1 > (M/m)
4n−3.
On noting that n−3√n/2 > 3/10 for n ≥ 3 and 310(4n−3) > n−2, by (49)
we have
y
n−3√n/2
i > y
3/10
i > (M(F )/m)
n−2.
Hence, by (47),
(50) |αj − xi/yi| < y−3
√
n/2
i
for all i > 1. By [16, Theorem 9A, Chapter 2], the number of solutions to
(50) is
≪ 1 + log log h(αj)/ log n,
where h(αj) is the absolute height of αj defined in [16, §7 Chapter 1]. By
[16, Lemma 2A Chapter 3],
h(αj) = cont(F )
−1(|an|
n∏
k=1
√
1 + |αk|2)1/n.
Here cont(F ) = gcd(|a0|, . . . , |an|). If yi ≥ h(αj), then the number of solu-
tions is ≪ 1.
Hence, if (M(F )/m)5 ≥ h(αj), the number of solutions is ≪ 1 and oth-
erwise we have h(αj) ≥ (M(F )/m)5 ≫ (h(αj)n/m)5, so log log h(αj) ≪
log logm1/n.
Finally we conclude that the number of primitive large solutions is ≪
t(1 + log logm1/n)≪ s(1 + log logm1/n).
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8. Bound for P˜ (F,m), proof of Theorem 1.2
8.1. Definitions of small, medium and large solutions. Let x = (x, y) ∈
Z2. We define
|x| = max(|x|, |y|), 〈x〉 = min(|x|, |y|).
Given F ∈ C(4s − 2), we measure the size of possible solutions (x, y) of
(13) by the size of 〈x〉 and |x|.
Relative to two quantities YS , YL, which will be defined below in (56) and
(57), we call a solution (x, y) ∈ Z2
small if 0 ≤ 〈x〉 ≤ YS,(51)
medium if |x| ≤ YL and 〈x〉 > YS,
large if |x| > YL.
We will split the count of possible solutions (x, y) into small, medium
and large solutions. We choose the constants below to be consistent with
Mueller and Schmidt’s work [14]. Let H(F ) be the height of F and let M
be the smallest Mahler measure among the forms equivalent to F . Put
(52) C = Rm(2H(F )
√
n(n+ 1))n,
where R is defined by (34). Pick numbers a, b with 0 < a < b < 1 so small
that
(53)
√
2
√
3 + a2
1− b < 3.
Put
λ =
√
2(n + a2)
1− b ,
so that, by (53), n− λ > 0. Note that
(54) λ ≍ √n, n− λ ≍ n−√n.
We define
(55) A =
1
a2
(logM +
n
2
),
and
(56) YS = ((e
6s)nR2sm)
1
n−2s ,
(57) YL = (2C)
1/(n−λ)(4eA)λ/(n−λ).
Our definitions of YS and YL are the same as the quantities introduced by
Mueller and Schmidt in [14, eq. 2.10 and 2.9] to distinguish between small
and large solutions. With these definitions we have:
Proposition 8.1 (Mueller-Schmidt). Let F (x, y) ∈ Z[x, y] be an irreducible
binary form with s + 1 nonzero coefficients and degree n ≥ 3. For any
positive integer m, the number of primitive large solutions of F (x, y) ≤ m
is ≪ s.
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Proposition 8.2. Let F (x, y) ∈ Z[x, y] be an irreducible binary form with
s + 1 nonzero coefficients and degree n ≥ 3s. For any positive integer m,
the number of primitive medium solutions of F (x, y) ≤ m is
≪


s(1 + logm
1/n
logH(F )) if n ≥ s4
(s log s)(1 + logm
1/n
logH(F )) if 9s
2 ≤ n < s4
(s log s)(1 + s+logm
1/n
logH(F ) ) if n < 9s
2.
Proposition 8.1 is Mueller-Schmidt’s result [14, Prop. 1]. Proposition 8.2
will be proved in section 10 of this article. We generalise to arbitrary m the
argument in [1, Section 5]. Small solutions are more difficult to deal with;
they will be counted essentially by the proposition 8.3 below that we will
prove in sections 4 and 9.
We write P˜Sx(F,m), P˜Sy(F,m) for the number of primitive solutions of
(13) with 0 ≤ x ≤ YS and 0 ≤ y ≤ YS respectively.
Proposition 8.3. Let F (x, y) ∈ Z[x, y] be an irreducible binary form that
lies in C(4s − 2). Let M be the smallest Mahler measure among the forms
equivalent to F , and m be a positive integer such that
(58) m ≤ M
100n
.
Then
(59) max(P˜Sx(F,m), P˜Sy (F,m)) ≪ s+ log3 n+ logm1/n.
Next we prove Theorem 1.2 assuming Propositions 8.2 and 8.3. Large
and medium solutions are counted by Propositions 8.1 and 8.2 respectively,
so we only need to count small solutions assuming Proposition 8.3. For this
we refine the argument that we used for large discriminant in section 5.
Note that the argument below can be used together with Proposition 8.3
to bound small solutions because the condition on F in Proposition 8.3 is
F ∈ C(4s− 2); it would not be useful if we had a condition on the number
of nonzero coefficients such as in Proposition 8.2.
Let F ∈ Z[x, y] be an irreducible binary form with s + 1 nonzero coeffi-
cients and degree n ≥ 3s. By Lemma 2.1, F (x, y) ∈ C(4s − 2). Let m be a
positive integer. Pick the smallest prime p that satisfies
(60) p > 106m
2
n |D(F )|− 1n(n−1)
and consider the matrices
A0 =
(
1 0
0 p
)
, Aj =
(
p j
0 1
)
(j = 1, . . . , p).
Recall that FAj ∈ C(4s − 2) for j = 0, . . . , p and Z2 = ∪pj=0AjZ2, so that
any solution (x, y) of (13) gives a solution (u, v) = A−1j (x, y) of 2
−nm ≤
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FAj (u, v) < m for some j = 0, . . . , p. Moreover, when j ≥ 1 we have v = y,
so if (x, y) satisfies 0 ≤ y ≤ YS , then also (u, v) satisfies 0 ≤ v ≤ YS. Hence
P˜Sy(F,m) ≤ P˜ (FA0 ,m) +
p∑
j=1
P˜Sy(FAj ,m).
For j = 0, . . . , p, by (11) and (60),
|D(FAj )| = pn(n−1)|D(F )| > 106n(n−1)m2n−2.
Then, by (8),
(61) 106n(n−1)m2n−2 ≤ |D(FAj )| ≤ nnM2n−2j ,
where Mj is the smallest Mahler measure among the forms equivalent to
FAj . Hence, m ≤ Mj/100n, and we can apply Proposition 8.3 to FAj . We
obtain that
P˜Sy(FAj ,m)≪ s+ log3 n+ logm1/n.
Therefore,
P˜Sy(F,m)≪ P˜ (FA0 ,m) + p(s+ log3 n+ logm1/n)
≪ P˜ (FA0 ,m) +m2/n|D(F )|−
1
n(n−1) (s+ log3 n+ logm1/n).
If we consider
A′0 =
(
p 0
0 1
)
, A′j =
(
1 0
j p
)
(j = 1, . . . , p),
any solution of (13) gives a solution (u, v) of 2−nm ≤ FA′j (u, v) < m for
some j = 0, . . . , p. Similarly as above, when j ≥ 1, u = x and we conclude
that
P˜Sx(F,m)≪ P˜ (F ′A0 ,m) +m2/n|D(F )|
− 1
n(n−1) (s + log3 n+ logm1/n).
The forms FA0 and F
′
A0
have s+ 1 nonzero coefficients, so Propositions 8.2
and 8.1 apply together with Proposition 8.3. We obtain that
max(P˜ (F ′A0 ,m), P˜ (FA0 ,m))≪ c(s)(1 + logm1/n) + log3 n,
where c(s) is defined in (6).
Finally, the number of primitive small solutions of (13) is
≪ (c(s)(1 + logm1/n) + log3 n)m2/n|D(F )|− 1n(n−1) .
9. Proof of Proposition 8.3
We apply the inequality (37) to Y = YS , defined by (56). Since
n
n−2s ≤ 3,
n log YS + n log(6R+ 5)≪ logm+ n log s+ n log3 n.
We also have, by (58),
log(M/(6nm))≫ n.
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We conclude that
|X ∪ X0| ≪ logm
n
+ log s+ log3 n.
Hence
max(P˜Sx(F,m), P˜Sy (F,m)) ≪ s+ log3 n+ logm1/n.
10. Medium solutions, proof of Proposition 8.2
Let F (x, y) ∈ Z[x, y] be a binary form of degree n with s non-zero coeffi-
cients. Let m be a positive integer.
We divide the interval [YS , YL] into N + 1 subintervals, where YS and YL
are defined in (56) and (57) and N depends on s and is defined below. We
will show that there are only few solutions (x, y) with 〈x〉 in each of these
subintervals. In this section we will assume n ≥ 3s. We define the positive
integer N = N(n, s) as follows.
If n ≥ s4, we put N = 2. Otherwise, we put k = √n if 9s2 ≤ n < s4 and
k = n if n < 9s2, and choose N ∈ N such that
(62) 3s1+
1
N ≤ k ≤ 3s1+ 1N−1 .
The inequality (62) leads to
(63) N ≤ log s
log k − log s .
For ℓ = 1, . . . , N , we define
Yℓ = YSH(F )
1
s1−(ℓ−1)/N .
We put
Y0 = YS and YN+1 = YL.
Proposition 10.1. There is a set T of roots of F (x, 1) and a set T ∗ of roots
of F (1, y), both with cardinalities ≤ 6s + 4, such that any solution (x, y) of
|F (x, y)| ≤ m with 〈x〉 ≥ YS either has
(64)
∣∣∣∣α− xy
∣∣∣∣ < R(ns)2H(F )(1/s)−(1/n)
(
(4e3s)nm
yn
)1/s
with some α ∈ T and R defined by (34), or has
(65)
∣∣∣α∗ − y
x
∣∣∣ < R(ns)2
H(F )(1/s)−(1/n)
(
(4e3s)nm
xn
)1/s
for some α∗ ∈ T ∗.
Proof. This is Lemma 17 of [14]. 
Let α ∈ T . For ℓ ∈ {0, . . . , N}, let (x1, y1), . . . , (xwℓ , ywℓ) be the primitive
solutions of |F (x, y)| ≤ m, with Yℓ < yi ≤ Yℓ+1, satisfying (64) and ordered
so that
Yℓ < y1 ≤ . . . ≤ ywℓ ≤ Yℓ+1.
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By (64), we have that
1
yiyi+1
≤
∣∣∣∣xi+1yi+1 −
xi
yi
∣∣∣∣ ≤ U
H(F )
1
s
− 1
n y
n
s
i
,
with
U = 2R(ns)2(4e3s)n/sm1/s.
Therefore, for solutions (x, y) with y ∈ (Yℓ, Yℓ+1], we have
(66) yi+1 ≥ U−1H(F )
1
s
− 1
n y
n
s
−1
i ≥ U−1H(F )
1
s
− 1
nY
n
s
−2
ℓ yi.
First we will give an estimate for the number of primitive solutions in
(Y0, Y1]. By the definition of YS = Y0 and since n ≥ 3s, we have
(67) U−1Y
n
s
−2
S ≥
e
3n
s R
2(ns)24
n
s
≥ 1.
For ℓ = 0, we have by (66) and (67) that yi+1 ≥ H(F ) 1s− 1n yi, so yw0 ≥
(H(F )
1
s
− 1
n )(w0−1)y1. So we have
Y1 ≥ yw0 ≥ (H(F )
1
s
− 1
n )(w0−1)Y0,
and
w0 − 1 ≤
log Y1Y0
(1s − 1n) logH(F )
<
1
1− sn
≤ 3
2
,
since log Y1Y0 =
1
s logH(F ) and n ≥ 3s.
For 1 ≤ ℓ < N , by (66) and (67) we have that
yi+1 ≥ U−1H(F )
1
s
− 1
nY
n
s
−2
S H(F )
n/s−2
s1−(ℓ−1)/N yi ≥ H(F )
n
s2−(ℓ−1)/N
− 2
s1−(ℓ−1)/N
+ 1
s
− 1
n yi.
Therefore,
ywℓ ≥ H(F )
(
n
s2−(ℓ−1)/N
− 2
s1−(ℓ−1)/N
+ 1
s
− 1
n
)
(wℓ−1)y1,
and since Yℓ < y1 ≤ ywℓ ≤ Yℓ+1, we have
wℓ − 1 ≤
log
Yℓ+1
Yℓ
( n
s2−(ℓ−1)/N
− 2
s1−(ℓ−1)/N
+ 1s − 1n) logH(F )
.
For ℓ < N , since log
Yℓ+1
Yℓ
< 1
s1−ℓ/N
logH(F ) and n ≥ 3s1+1/N ,
wℓ − 1 ≤ 1n
s1+1/N
− 2
s1/N
+ 1
sℓ/N
− s1−ℓ/Nn
≤ 1.
For ℓ = N , we have
log Yℓ+1 = log YL ≪ logH(F ) + logm1/n +
√
n,
so
wN − 1≪ logH(F ) + logm
1/n +
√
n
( n
s1+1/N
− 2
s1/N
+ 1s − 1n) logH(F )
.
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If n < 9s2, then
√
n < 3s and
wN − 1≪ 1 + s+ logm
1/n
logH(F )
.
If n ≥ 9s2, then by (62),
√
n
n
s1+1/N
− 2
s1/N
+ 1s − 1n
≪ 1,
and
wN − 1≪ 1 + logm
1/n
logH(F )
.
We conclude that the number of primitive medium solutions of (64) for
each α ∈ T is ≪ N + logm1/nlogH(F ) when n ≥ 9s2 and ≪ N + s+logm
1/n
logH(F ) when
n < 9s2. In a similar way, we obtain the same bound for the number of
primitive medium solutions of (65) for each α∗ ∈ T ∗. Using Proposition
10.1 and the fact that N = 2 for n ≥ s4 and N ≤ log s for n < s4, we obtain
Proposition 8.2.
References
[1] S. Akhtari and P. Bengoechea, Representation of small integers by sparse binary
forms, submitted (2019).
[2] B.J. Birch and J.R. Merriman, Finiteness theorems for binary forms with given dis-
criminant, Proc. London Math. Soc. 25 (1972), 385-394.
[3] E. Bombieri, W. M. Schmidt, On Thue’s equation, Invent. Math. 88 (1987), 69-81.
[4] S. Chowla, Contributions to the analytic theory of numbers (II). J. Indian Math. Soc.
20 (1933), 120-128.
[5] Evertse, J.-H.: Upper bounds for the number of solutions of diophantine equations.
Math. Centrum. Amsterdam, pp. 1-127 (1983).
[6] J. H. Evertse and K. Gyo˝ry, Thue inequalities with a small number of solutions,
in: The mathematical heritage of C.F. Gauss, World Scientific Publ. Co., Singapore,
1991, 204-224.
[7] K. Gyo˝ry, Thue inequalities with a small number of primitive solutions, Period. Math.
Hungar. 42 (2001), no. 1-2, 199-209.
[8] D. Lewis and K. Mahler, Representation of integers by binary forms, Acta Arith. 6
(1961), 333-363.
[9] K. Mahler, Zur Approximation algebraischer Zahlen III. U¨ber die mittlere Anzahl der
Darstellungen grosser Zahlen durch bina¨re Formen, Acta. Math. 62 (1933), 91-166.
[10] K. Mahler, On the lattice points on curves of genus 1. Proc. London Math. Soc. (2)
39 (1935), 431-466.
[11] K. Mahler, On two extremum properties of polynomials, Illinois J. Math. 7 1(963)
681-701.
[12] K. Mahler, An inequality for the discriminant of a polynomial, Michigan Math. J. 11
(1964), 257-262.
[13] J. Mueller and W. M. Schmidt, Trinomial Thue equations and inequalities, J. Reine
Angew. Math., 379 (1987), 76-99.
[14] J. Mueller and W. M. Schmidt, Thue’s equation and a conjecture of Siegel, Acta
Math. 160 (1988), no. 3-4, 207-247.
[15] W. M. Schmidt, Thue equations with few coefficients, Trans. Amer. Math. Soc. 303
(1987), 241-255.
THUE INEQUALITIES WITH FEW COEFFICIENTS 23
[16] W.M. Schmidt, Diophantine Approximations and Diophantine equations, Lecture
Notes in Mathematics, Vol. 1467, Springer-Verlag, New York, 1991.
[17] Siegel, C. L., U¨ber einige Anwendungen diophantischer Approximationen. Abh.
Preuss. Akad. Wiss. Phys.-math. Kl., 1929, Nr. 1.
[18] J. H. Silverman, Integer points on curves of genus 1. J. London Math. Soc. (2) 28
(1983), 1-7.
[19] C. L. Stewart, On the number of solutions of polynomial congruences and Thue
equations, J. Amer. Math. Soc. 4 (1991), 793-835.
[20] A. Thue, Berechnung aller Lo¨sungen gewisser Gleichungen von der form axr−byr = f .
Vid. Skrifter I Mat.-Naturv. Klasse (1918), 1-9.
[21] J. L. Thunder, on Thue inequalities and a conjecture of Schmidt, J. Number Theory
52 (1995), 319-328.
ETH, Mathematics Dept., CH-8092, Zu¨rich, Switzerland
E-mail address: paloma.bengoechea@math.ethz.ch
